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Abstract
Amplification of acoustic phonons due to an external temperature gredi-
ent (∇T ) in Graphene was studied theoretically. The threshold tempera-
ture gradient (∇T )g0 at which absorption switches over to amplification in
Graphene was evaluated at various frequencies (ωq) and temperatures (T ).
For T = 77K and frequency ωq = 12THz, (∇T )g0 = 0.37Km−1. The cal-
culation was done in the regime at ql >> 1. The dependence of the nor-
malized (Γ/Γ0) on the frequency ωq and the temperature gradient (∇T/T )
are evaluated numerically and presented graphically. The calculated (∇T )g0
for Graphene is lower than that obtained for homogenous semiconductors
(n− InSb) (∇T )hom0 ≈ 103Kcm−1, superlattices (∇T )SL0 = 384Kcm−1, and
cylindrical quantum wire (∇T )cqw0 ≈ 102Kcm−1. This makes Graphene a
much better material for thermoelectric phonon amplifier.
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Introduction
The amplification (absorption) of acoustic phonons in Graphene [1, 2, 3]
and other low dimensional materials such as superlattices [4, 5, 6, 7], carbon
nanotubes (CNT) [8] and cylindrical quantum wires (CQW) [9] has attracted
lots of attention recently. For Graphene, Nunes and Fonseca [3] studied am-
plification of acoustic phonons and determined the drift velocity VD at which
amplification occurs but Dompreh et. al. [11] further showed that even at
VD = 0, absorption of acoustic phonons can occur. Acoustoelectric Effect
(AE) involves the transfer of momentum from phonons to conducting charge
carriers which leads to the generation of d.c. current in the sample. This has
been studied both theoretically [10, 11] and experimentally [12] in Graphene.
The interaction between electrons and phonons in the presence of an external
temperature gradient (∇T ) can lead to thermoelectric effect [13, 14, 15, 16]
and thermoelectric amplification of phonons. Thermoelectric amplification
of phonons has been studied in bulk [17, 18] and low dimensional materi-
als such as cylindrical quantum wire (CQW) [19] and superlattices [20, 21].
This phenomena was predicted by Gulyeav and Ephstein (1967) [17] but was
thoroughly developed by Sharma and Singh (1974) [22] from a hydrodynamic
approach ql << 1 (q is the acoustic wave number, l is the electron mean free
path). Ephstein further explained this effect for sound in the opposite limit-
ing case, ql >> 1 and showed that amplification is also possible in an electri-
cally open-circuited sample (i.e., in the absence of an electric current) [23].
In n − InSb, Epstein calculated a threshold gradient of ≈ 103Kcm−1 for a
chemical potential µ = 8 × 105cm2V −1s−2 at 77K. However, in superlat-
tices, Mensah and Kangah (1991) [24] calculated the threshold temperature
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gradient necessary for amplification to occur to be (∇T )hom0 = 2.6(∇T )SL0
(where (∇T )SL0 is the threshold temperature gradient of superlattice) but in
the lowest energy miniband (∆ = 0.1eV ) obtained (∇T )SL0 = 384Kcm−1.
In all these materials, the threshold temperature gradient for the amplifica-
tion was found to depend on the scattering mechanism and sound frequency
where the relaxation time is independent of energy [20].
Graphene differs significantly from the other low-dimensional materials. It
has the highest value for thermal conductivity at room temperature (≈
3000−5000W/mK) [16, 21]. This extremely high thermal conductivity opens
up a variety of applications. The most interesting property of Graphene is its
linear energy dispersion E = ±h¯VF |k| (the Fermi velocity VF ≈ 108cms−1)
at the Fermi level with low-energy excitation. At low temperatures, the con-
ductivity in Graphene is restricted by scattering of impurities but in the ab-
sence of extrinsic scattering sources, phonons constitute an intrinsic source of
scattering of electrons to produce measureable temperature difference (∇T ).
Acoustic phonon scattering induced by low energy phonons gives quantita-
tively small contribution of (∇T ) in Graphene even at room temperature.
This is due to the high Fermi temperature of Graphene [25]. To-date, there
is no study of thermoelectric amplification of acoustic phonons in Graphene.
In this paper, the effect is theoretically studied in Graphene with degenerate
energy dispersion. Here the threshold temperature gradient (∇T )g0 above
which amplification occur is calculated in the regime ql >> 1. Furthermore
the frequency at which the graphs converges are calculated. The paper is
organised as follows: In the theory section, the equation underlying the ther-
moelectric amplification of acoustic phonon in Graphene is presented. In the
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numerical analysis section, the final equation is analysed and presented in a
graphical form. Lastly, the conclusion is presented in section 4.
Theory
The kinetic equation for the acoustic phonon population N~q(t) in the
Graphene sheet is given by
∂N~q(t)
∂t
=
2pi
h¯
gsgv
∑
k,k′
|C~q|2δk,k′+~q{[N~q(t) + 1]f~k(1− f~k′)δ(ε~k′ − ε~k + h¯ω~q)
−N~q(t)f~k′(1− f~k)δ(ε~k′ − ε~k − h¯ω~q)} (1)
where gs = gv = 2 account the for spin and valley degeneracy respectively,
N~q(t) represent the number of phonons with a wave vector ~q at time t. The
factor N~q + 1 accounts for the presence of N~q phonons in the system when
the additional phonon is emitted. The f~k(1 − f~k) represent the probability
that the initial ~k state is occupied and the final electron state ~k′ is empty
whilst the factor N~qf~k′(1 − f~k) is that of the boson and fermions statistics.
In Eqn (1), the summation over k and k′ can be transformed into integrals
by the prescription ∑
k,k′
→ A
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(2pi)4
∫
d2kd2k′
where A is the area of the sample, and assuming that Nq(t) >> 1 yields
∂N~q
∂t
= Γ~qN~q (2)
where
Γq =
A|Λ|2
(2pi)3h¯VFρVs
∫ ∞
0
kdk
∫ ∞
0
k′dk′
∫ 2pi
0
dφ
∫ 2pi
0
dθ{[f(k)− f(k′)]×
δ(k − k′ − 1
h¯VF
(h¯ωq))} (3)
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with k′ = k − 1
h¯VF
(h¯ωq). Λ is the constant of deformation potential, ρ is the
density of the Graphene sheet. f(k) is the distribution function, Vs is the
velocity of sound, and A is the area of the Graphene sheet. Here the acoustic
wave will be considered as phonons of frequency (ωq) in the short-wave region
ql >> 1 (q is the acoustic wave number, l is the electron mean free path).
From Eqn.(3), the linear approximation of the distribution function f(k) is
given as
f(k) = f0(ε(k)) + qf1(ε(k)) (4)
At low temperature kBT << 1, the Fermi-Dirac equilibrium distribution
function become
f0(ε(k)) = exp(−β(ε(k))) (5)
From Eqn. (4), f1(k) is derived from the Boltzmann transport equation as
f1(ε(k)) = τ [(ε(k)− ξ)∇T
T
]
∂f0(p)
∂ε
v(k) (6)
Here v(k) = δε(k)/h¯δk is the electron velocity, ξ is the chemical potential τ is
the relaxation time and ∇T is the temperature difference. Inserting Eqn.(4),
Eqn.(5) and Eqn.(6) into Eqn.(3) and expressing further gives
Γ =
eA|Λ|2
(2pi)VFρVs
∫ ∞
0
(k2 − kh¯ωq
h¯VF
){exp(−β(h¯VFk))− βh¯VF qτ(h¯VFk)×
∇T
h¯T
exp(−βh¯VFk)− exp(−βh¯VF (k − h¯ωq
h¯VF
))− βh¯VF qτ(h¯VF (k − h¯ωq
h¯VF
))×
∇T
h¯T
exp(−βh¯VF (k − h¯ωq
h¯VF
))} (7)
Using standard integrals in Eqn(7) and after a cumbersome calculation yields
the final equation as
Γ = Γ0{(2− βh¯ωq)(1− exp(−βh¯ωq))
− qτVF [6(1 + exp(βh¯ωq))− βh¯ωq(2 + βh¯ωqexp(βh¯ωq))]∇T
T
} (8)
5
where
Γ0 =
2A|Λ|2q
2piβ3h¯3VF
4ρVs
(9)
The threshold temperature difference (∇T )g0 is calculated. This is achieved
by letting Γ = 0 as a consequence of the laws of conservation which yields
(∇T )g0 = T
{(2− βh¯ωq)(1− exp(−βh¯ωq))}
qτVF [6(1 + exp(βh¯ωq))− βh¯ωq(2 + βh¯ωqexp(βh¯ωq))] (10)
Numerical Analysis
To understand the complex expression for the absorption, Eqn(8) was nu-
merically analysed. From Eqn. (10), the threshold temperature gradient(∇T )g0
is dependent on the temperature (T ), the frequency (ωq) and the relaxation
time (τ) as well as the acoustic wavenumber (q). To evaluate (∇T )g0, the
following parameters are used Λ = 9eV , Vs = 2.1 × 103ms−1, τ = 10−12s,
ωq = 10
12s−1 and q = 108m−1. At T = 77K, (∇T )g0 is calculated to be
0.37Km−1. These values are used in analysing Eqn.(8) numerically and pre-
sented graphically (see Figure 1, 2 and 3). In Figure 1a, A normalized graph
of Γ/Γ0 on ωq for varying ∇T is plotted. When ∇T = 0, an absorption
graph (Γ/Γ0 > 0) is obtained. We observed that when ∇T = 0.28Km−1, the
amplitude of the absorption graph reduces and the absorption switches to am-
plification at ωq = 10THz. Interestingly, when ∇T > (∇T )g0 = 0.37Km−1,
the graph switches completely to amplification (Γ/Γ0 < 0) (see Figure 1a
for graph of ∇T = 0.38Km−1 and ∇T = 0.48Km−1). This agrees with the
theory of thermoelectric amplification of phonons. The threshold values
above which absorption completely switches to amplification are presented
in table 1 for various temperatures and frequencies. In the table 1, (∇T )g0
increases with increase in temperature and frequency. Figure 1b shows the
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Figure 1: (a) The normalized graph of Γ/Γ0 on ωq for varying ∇T
Figure 2: The normalized graph of Γ/Γ0 on ∇T/T (a) for varying ωq (b) for varying q
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Figure 3: The Dependence of Γ/Γ0 on ωq and ∇T/T .
graph of various Γ/Γ0 on ∇T/T for varying q. By increasing q, all the graphs
switches to amplification at the same point (∇T/T = 0.37). This shows that,
increases in the acoustic wavenumber (q) does not alter the threshold tem-
perature gradient(∇T )g0 of the material. However, when the graph of Γ/Γ0
was plotted against ∇T/T varying the frequency, we notice a shift of the
threshold values towards bigger values of ∇T/T (see Figure 2b). A 3D graph
is presented to further elucidate the graphs obtained (see Figure 3). Figure
(3a) shows the dependence of Γ/Γ0 on ∇T/T and ωq whilst Figure (3b) is
that of Γ/Γ0 on ∇T/T and q.
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Conclusion
Thermoelectric amplification of phonons in Graphenes is studied. We
observed that absorption switches over to amplification at values greater
than the threshold values. The threshold value calculated at T = 77K
and frequency ωq = 10
12s−1 in Graphene is (∇T )g0 = 0.37Kcm−1 which
is far lower than that calculated in homogenous semiconductor using n −
InSb (s = 2.3 × 105cms−1, µ = 8 × 105cm2V −1s−1 at 77K) and was found
to be (∇T )hom0 ≈ 103Kcm−1 [17], superlattice (∇T )SL0 ≈ 384Kcm−1 for
miniband width ∆ = 0.1eV at 77K [20], and finally for cylindrical quantum
wires (CQW) to be (∇T )cwq0 ≈ 102Kcm−1 at liquid Nitrogen temperature of
77K [19]. This makes Graphene a much better material for thermoelectric
phonon amplification.
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